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The time evolution of wave packets in a harmonic oscillator potential is
studied. Some new results for the most general case are obtained. A natural
number, called “degree of rigidity”, is introduced to describe qualitatively how
much the shape of a wave packet is changed with time. Two classes of wave
packets with an arbitrarily given degree of rigidity are presented.
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I. INTRODUCTION
In recent years, the time evolution of localized wave packets of various quantum-mechanical
systems has been widely discussed in the literature (see Ref. [1] for a review). As for wave
packets of the harmonic oscillator, the subject is as old as quantum mechanics itself. Though
some aspects of the Gaussian wave packets (displaced or squeezed ground state) are still being
discussed in the current literature [2, 3], the problem was essentially solved in the very early
years [4, 5, 6]. In the 1950’s, several authors studied more general displaced number states and
found that they keep their shape unchanged while their center oscillates like a classical particle
[7, 8, 9, 10]. Displaced and squeezed number states of special forms were also considered in
some of these papers [8, 9]; it turns out that their width is also oscillating, so the shapes of
such wave packets change with time apparently. Displaced and squeezed number states of the
most general form were studied in a recent paper [11]. This may represent the most general
case where the time dependence of the wave packets could be worked out explicitly.
The questions we are concerned with are: First, if the time dependence of the wave packet
cannot be obtained explicitly, what conclusions could be made in regard to its time evolution?
Second, if the shape of the wave packet changes with time, how can we describe the level of
changes for different cases? For the first question, it is known that the center of the wave
packet moves like a classical particle while its width pulsates. However, one can find wave
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2packets whose width keeps unchanged but whose shape still changes with time. To describe
the change of the shape in the general case we introduce general-order moments of x about
its center, defined as the mean value of (x − x¯t)
K and denoted by QK(t), where x¯t is the
mean value of x (which represents the center of the wave packet) and K a natural number.
Differential equations for these moments are established for general K, and are solved for the
most general initial conditions up to K = 4. They are essentially oscillating, but higher-order
ones involve higher frequencies and thus their time dependence is more complicated. Wave
packets could be found whose QK(t) are time independent up to K = 4. Obviously the shape
of such wave packets changes with time less than those that only keep their width [represented
by
√
Q2(t)] unchanged. At this stage the answer to the second question is becoming clear.
We introduce a natural number called the “degree of rigidity” for a wave packet: If QK(t)
is time independent for K = 2, 3, . . . , 2N [note that Q0(t) ≡ 1 and Q1(t) ≡ 0] but not for
K = 2N + 2 (for K = 2N + 1 it may or may not be time independent), we say that the
wave packet has degree of rigidity N . It is obvious that the larger N is, the less the shape
changes with time. The shape of a wave packet with a time-dependent width changes with
time apparently and thus has no rigidity. One with a constant width but with all higher-order
moments time dependent has the “ground” degree of rigidity 1. On the other hand, if QK(t)
is time independent for all K, then the degree of rigidity for such a wave packet is infinity. In
other words, its shape is perfectly rigid. Typical examples of such wave packets are displaced
number states. Two classes of wave packets with an arbitrarily given degree of rigidity are
presented.
II. SOME GENERAL RESULTS
Consider localized wave packets of the harmonic oscillator in one dimension, whose time
evolution is governed by the Hamiltonian
H =
p2
2µ
+
1
2
µω2x2. (1)
The normalized initial wave function ψ(x, 0) at t = 0 will be denoted by ψ0 for convenience.
Localization means that the mean value of xkpl in ψ0 is finite for any nonnegative k and l.
The wave function ψ(x, t) at time t will be denoted by ψt. The mean values of x and p at time
t are
x¯t = (ψt, xψt), p¯t = (ψt, pψt). (2)
Using the Schro¨dinger equation it is easy to show that
˙¯xt = p¯t/µ, ˙¯pt = −µω
2x¯t. (3)
The solution of these equations is
x¯t = x¯0 cosωt+
p¯0
µω
sinωt, p¯t = p¯0 cosωt− µωx¯0 sinωt. (4)
The solution means that the center of an arbitrary wave packet moves like a classical particle.
This is a well known result.
To study the change with time of the shape of the wave packet we consider the mean value
of (x− x¯t)
K in ψt where K is a natural number. These mean values are denoted by QK(t) in
3the following. If the QK(t)’s are time independent for all K, then the wave packet obviously
keeps its shape unchanged while it is moving, and this is the case for displaced number states
[7, 8, 9, 10]. In order to examine their time dependence for a general wave packet, we define
the real quantities
Rkl(t) =
1
2
(ψt, {(x− x¯t)
k, (p− p¯t)
l}ψt), Skl(t) =
1
2i
(ψt, [(x− x¯t)
k, (p− p¯t)
l]ψt), (5)
where k and l are nonnegative integers, and {F,G} = FG + GF , [F,G] = FG− GF for any
operator F and G. Obviously RK0(t) = QK(t). In the following we also denote R0K(t) by
PK(t). It is straightforward to show that they satisfy the following equations
R˙kl(t) =
k
µ
Rk−1,l+1(t)− lµω
2Rk+1,l−1(t) +
~
2µ
k(k − 1)Sk−2,l(t)−
~µω2
2
l(l − 1)Sk,l−2(t), (6a)
S˙kl(t) =
k
µ
Sk−1,l+1(t)− lµω
2Sk+1,l−1(t)−
~
2µ
k(k − 1)Rk−2,l(t) +
~µω2
2
l(l − 1)Rk,l−2(t). (6b)
Note that by definition we have Sk0(t) = S0k(t) = 0 for all k. We are mainly interested in
Rkl(t), especially QK(t). It is easy to realize that the equations for the subset {Rkl(t)|k+l = K}
close among themselves provided that the lower-order subset {Skl(t)|k + l = K − 2} has been
obtained. The equations for the subset {Skl(t)|k + l = K} also close among themselves,
provided that the lower-order subset {Rkl(t)|k + l = K − 2} is known. Now for k = l = 0 we
have R00(t) = 1 and S00(t) = 0 by definition. Similarly for k+ l = 1 we have R10(t) = R01(t) =
S10(t) = S01(t) = 0. These enable us to solve the cases with k + l ≥ 2.
The case k+ l = 2 is of essential interest, because it involves the width of the wave packet.
By definition we have S20(t) = S02(t) = 0, and S11(t) = ~/2. These will be useful when the
case k + l = 4 is considered. For the moment we are interested in the remaining three. It is
not difficult to find that
Q2(t) =
µ2ω2Q2(0) + P2(0)
2µ2ω2
+
µ2ω2Q2(0)− P2(0)
2µ2ω2
cos 2ωt+
R11(0)
µω
sin 2ωt, (7a)
P2(t) =
µ2ω2Q2(0) + P2(0)
2
−
µ2ω2Q2(0)− P2(0)
2
cos 2ωt− µωR11(0) sin 2ωt, (7b)
R11(t) = R11(0) cos 2ωt−
µ2ω2Q2(0)− P2(0)
2µω
sin 2ωt. (7c)
The width of the wave packet at time t is characterized by the quantity ∆tx =
√
Q2(t),
and that in the momentum space by ∆tp =
√
P2(t). Thus the width of the wave packet
oscillates with frequency 2ω, just like that for a squeezed ground state. It can be shown that
both Q2(t) and P2(t) are positive as they should be. The uncertainty product ∆tx∆tp is also
oscillating. These conclusions (for a general wave packet) have been discussed in some different
way previously [8, 9], so we will not go into more details. A relation that seems not to be
emphasized in the literature is
µ2ω2(∆tx)
2 + (∆tp)
2 = µ2ω2(∆0x)
2 + (∆0p)
2. (8)
According to this result, ∆tx reaches its minimum when ∆tp reaches its maximum and vice
versa.
4When k + l = 3, all the Skl(t) can be found to be zero. The equations for
the Rkl(t) can be solved without much difficulty. They are all linear combinations of
{sinωt, cosωt, sin 3ωt, cos 3ωt}. Since the results are lengthy and not important for further
discussions we will not write them down. We just point out that they all vanish if the corre-
sponding initial values Rkl(0) are all zero.
When k + l = 4, it can be found that S40(t) = S04(t) = 0, S31(t) = 3~Q2(t)/2, S13(t) =
3~P2(t)/2, and S22(t) = 2~R11(t). However, the results for the Rkl(t) are rather lengthy, they
are linear combinations of {1, sin 2ωt, cos 2ωt, sin 4ωt, cos 4ωt}. We only write down one of
them here:
Q4(t) =
3µ4ω4Q4(0) + 3P4(0) + 6µ
2ω2R22(0) + 3~
2µ2ω2
8µ4ω4
+
µ4ω4Q4(0)− P4(0)
2µ4ω4
cos 2ωt+
R13(0) + µ
2ω2R31(0)
µ3ω3
sin 2ωt
+
µ4ω4Q4(0) + P4(0)− 6µ
2ω2R22(0)− 3~
2µ2ω2
8µ4ω4
cos 4ωt
−
R13(0)− µ
2ω2R31(0)
2µ3ω3
sin 4ωt. (9)
We see that higher-order moments about the center have more complicated time dependence,
but they are essentially oscillating and hence are periodic functions. This is also true for still
higher ones. Indeed, x¯t, p¯t and ψt are all periodic, and so are Rkl(t) and Skl(t).
For larger values of k+l, the solutions are more difficult to find. We will not proceed further
in this respect.
III. SIMPLIFIED RESULTS FOR SPECIAL CASES
The results obtained in Sec. II are rather complicated. In the following sections we will
discuss the results for special cases with the initial condition
ψ0 = ψ(x, 0) = ϕ(x− x0)e
ip0x/~, (10a)
where x0 and p0 are real constants, and ϕ(x) has definite parity, namely
ϕ(−x) = ±ϕ(x). (10b)
In this initial state it is not difficult to show that
x¯0 = x0, p¯0 = p0, (11)
and
Rkl(0) = 0, Skl(0) = 0, k + l = 1, 3, 5, . . . . (12)
The latter could be derived from the useful relations
(ψ0, (x− x0)
k(p− p0)
lψ0) = (ϕ(x), x
kplϕ(x)),
(ψ0, (p− p0)
l(x− x0)
kψ0) = (ϕ(x), p
lxkϕ(x)),
k, l = 0, 1, 2, . . . , (13)
5which are easy to show.
The shape of the initial wave packet, |ψ0|
2, is obviously symmetric about the center x0. This
symmetry will be kept at later times. To prove this it is sufficient to show that Q2K−1(t) = 0
for all natural numbers K. Indeed, we will show that
Rkl(t) = 0, Skl(t) = 0, k + l = 1, 3, 5, . . . . (14)
For k + l = 1 it is true as given in Sec. II. Now suppose that it is true for k + l = 2K − 1,
and consider the case with k + l = 2K + 1. It is easy to realize that the equations for the
subset {Rkl(t)|k + l = 2K + 1} close among themselves and are all homogeneous because all
of the Skl(t) in the subset {Skl(t)|k + l = 2K − 1} vanish (according to the assumption).
Since the initial conditions are all homogeneous too, the solutions are obviously Rkl(t) = 0
(k+ l = 2K +1). Similarly, Skl(t) = 0 for k+ l = 2K +1 as well. The case with k+ l = 3 has
been explicitly calculated, and the result is consistent with this general conclusion, as pointed
out in Sec. II.
If ϕ(x) is real, we have another useful consequence:
Rkl(0) = 0, k, l = 1, 3, 5, . . . . (15)
As a result the solutions Rkl(t) with k + l = 2K are also simplified. For example, the sine
terms in Eqs. (7a), (7b), and (9) all vanish. However, that ϕ(x) is real is just a sufficient
condition, not a necessary one for Eq. (15).
Now if ϕ(x) in the initial state satisfies the condition
(ϕ(x), (xp+ px)ϕ(x)) = 0, (ϕ(x), µ2ω2x2ϕ(x)) = (ϕ(x), p2ϕ(x)), (16)
we have [cf. Eq. (13)]
R11(0) = 0, µ
2ω2Q2(0) = P2(0),
and from Eq. (7) we obtain
Q2(t) = Q2(0), P2(t) = P2(0), R11(t) = 0.
That is, the width of the wave packet keeps unchanged. The second condition in Eq. (16)
means that the kinetic energy and the potential energy have the same mean value in ϕ(x).
It is easy to realize that all the number states ϕn(x) satisfy the conditions (10b) and (16).
However, there exist many other functions that satisfy these conditions. For example,
ϕeven(x) =
∞∑
i=1
aiϕ2ni(x), 0 ≤ n1 < n2 < . . . ,
∞∑
i=1
|ai|
2 = 1 (17a)
and
ϕodd(x) =
∞∑
i=1
biϕ2ni+1(x), 0 ≤ n1 < n2 < . . . ,
∞∑
i=1
|bi|
2 = 1 (17b)
all have definite parity. And as long as ni+1 − ni ≥ 2 for all i, they also satisfy the conditions
in Eq. (16).
6However, the shapes of such wave packets change with time, though their width keeps
unchanged. The reason is that Q4(t), and in general the higher-order moments, are still
oscillating. The conditions for Q4(t), P4(t) etc. to be time independent are
R13(0) = R31(0) = 0, µ
4ω4Q4(0) = P4(0), 2µ
2ω2Q4(0)− 6R22(0) = 3~
2. (18)
If ϕ(x) = ϕn(x), a number state, then it can be shown that these conditions are satisfied, as
expected. However, there exist many other functions that satisfy these conditions. In fact, the
two classes of functions given in Eq. (17) do if ni+1−ni ≥ 3 for all i. In this case Eq. (16) is of
course satisfied too. Since now Q4(t) is also time independent, the shapes of the wave packets
changes with time less than the case where only the width is kept unchanged. In other words,
their shapes are more rigid.
In general, the higher-order moments, say Q6(t), of the above wave packets will still be time
dependent. It will become more and more difficult to discuss the problem in the above manner.
Since we are not going to find the most general results for these higher-order moments, we will
proceed in a different way in the next section.
IV. WAVE PACKETS WITH VARIOUS DEGREES OF RIGIDITY
In the last section we have found wave packets whose width keeps unchanged with time,
and ones whose QK(t) up to K = 4 all keep unchanged with time. Obviously the shape of
the latter changes with time less than the former. Now we introduce a natural number called
the “degree of rigidity” for a wave packet: If QK(t) is time independent for K = 2, 3, . . . , 2N
[note that Q0(t) ≡ 1 and Q1(t) ≡ 0] but not for K = 2N + 2 (the situation for K = 2N + 1 is
not important in this definition), we say that the wave packet has degree of rigidity N . Thus
the two cases mentioned above have degrees of rigidity 1 and 2, respectively. It is obvious that
the larger N is, the less the shape changes with time. If the width of a wave packet changes
with time, then its shape changes with time apparently and thus has no rigidity. On the other
hand, if QK(t) is time independent for all K, then the degree of rigidity for such a wave packet
is infinity. In other words, its shape is perfectly rigid. Typical examples of such wave packets
are displaced number states.
In order to find wave packets with a given degree of rigidity, we consider the quantity
Wkl(t) = (ψt, (x− x¯t)
k(p− p¯t)
lψt) = Rkl(t) + iSkl(t). (19)
Because ψt = e
−iHt/~ψ0, we have
Wkl(t) = (ψ0, (xt − x¯t)
k(pt − p¯t)
lψ0), (20)
where
xt = e
iHt/~xe−iHt/~ = x cosωt+
p
µω
sinωt, (21a)
pt = e
iHt/~pe−iHt/~ = p cosωt− µωx sinωt. (21b)
7Now we confine ourselves to initial states of the form (10). On account of Eqs. (4) and (11),
we have
Wkl(t) = (ψ0, [(x− x0) cosωt+ (µω)
−1(p− p0) sinωt]
k[(p− p0) cosωt− µω(x− x0) sinωt]
lψ0).
(22)
Note that for any function f(x) we have (p−p0)[e
ip0x/~f(x)] = eip0x/~pf(x), and that the inner
product is an integral over x, the above equation can be simplified as
Wkl(t) = (ϕ(x), [x cosωt+ (µω)
−1p sinωt]k(p cosωt− µωx sinωt)lϕ(x)). (23)
Using Eqs. (21) again this becomes
Wkl(t) = (ϕt(x), x
kplϕt(x)), (24)
where
ϕt(x) = e
−iHt/~ϕ(x). (25)
If ϕ(x) = ϕn(x), a number state, then ϕt(x) = e
−iEnt/~ϕn(x), and
Wkl(t) = (ϕn(x), x
kplϕn(x)) =Wkl(0), k, l = 0, 1, 2, . . . . (26)
Especially, QK(t) = WK0(t) = QK(0) for all K, so that the shape of a displaced number state
is perfectly rigid. This is a well-known conclusion. Here we obtain the conclusion in a different
and also simple way.
Consider the function ϕeven(x) given in Eq. (17a), we have
ϕevent (x) =
∞∑
i=1
ai exp(−iE2nit/~)ϕ2ni(x). (27)
Assuming that ni+1 − ni ≥ N + 1. Because x
kplϕ2ni(x) is a linear combination of
{ϕ2ni+k+l(x), ϕ2ni+k+l−2(x), . . . , ϕ2ni−(k+l)(x)}, we have for k + l ≤ 2N that
Wkl(t) = (ϕ
even
t (x), x
kplϕevent (x)) =
∞∑
i=1
|ai|
2(ϕ2ni(x), x
kplϕ2ni(x)) = Wkl(0). (28)
Especially
QK(t) = QK(0), K = 2, 3, . . . , 2N. (29)
The same result can be obtained for the function ϕodd(x) given in Eq. (17b). [Remember that
QK(t) = 0 for all odd K as proved in Sec. III.] Thus, if ni+1 − ni ≥ N + 1, the two classes
of functions given in Eq. (17) lead to wave packets [whose initial wave functions are given by
Eq. (10a)] that have degree of rigidity not less than N . If some of the differences ni+1 − ni
equals N + 1, they will in general have degree of rigidity N . Otherwise the degree of rigidity
will be greater than N . For large N , the shapes of these wave packets are almost unchanged
with time.
8V. SUMMARY
In this paper we studied the time evolution of a general wave packet in the harmonic
oscillator potential by examining the time dependence of the various moments QK(t) of x
about the center of the wave packet. The differential equations for these objects are derived
for general K, and are solved for the most general initial conditions up to K = 4. Wave packets
with constant width, and ones whose QK(t) up toK = 4 are all constants, are discussed. These
include displaced number states as special cases. In general the shapes of these wave packets
still change with time because the higher order moments are oscillating. A natural number
N , called the degree of rigidity, is introduced to describe qualitatively how much the shape
is changed with time. The larger N is, the less the shape is changed with time. Displaced
number states are perfectly rigid and have N = ∞. Two classes of wave packets with an
arbitrarily given degree of rigidity are given explicitly.
Acknowledgments
This work was supported by the National Natural Science Foundation of the People’s Re-
public of China, and by the Foundation of the Advanced Research Center of Sun Yat-Sen
University.
[1] R. Bluhm, V. A. Kostelecky´, and J. A. Porter, Am. J. Phys. 64, 944 (1996).
[2] A. S. de Castro and N. C. da Cruz, Eur. J. Phys. 20, L19 (1999).
[3] S. Waldenstrøm and K. R. Naqvi, Eur. J. Phys. 20, L41 (1999).
[4] E. Schro¨dinger, Naturwiss. 14, 664 (1926).
[5] E. H. Kennard, Z. Phys. 44, 326 (1927).
[6] L. I. Schiff, Quantum Mechanics (McGraw-Hill, New York, 1968), 3rd ed.
[7] I. R. Senitzky, Phys. Rev. 95, 1115 (1954).
[8] J. Plebanski, Phys. Rev. 101, 1825 (1956).
[9] J. Plebanski, Bull. Acad. Polon. 11, 213 (1954).
[10] S. T. Epstein, Am. J. Phys. 27, 291 (1959).
[11] M. M. Nieto, Phys. Lett. A 229, 135 (1997).
